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INNER AUTOMORPHISMS OF LIE ALGEBRAS
OF SYMMETRIC POLYNOMIALS
S¸EHMUS FINDIK AND NAZAR S¸AHI˙N O¨G˘U¨S¸LU¨
Abstract. Let Ln be the free Lie algebra, Fn be the free metabelian Lie
algebra, and Ln,c be the free metabelian nilpotent of class c Lie algebra of
rank n generated by x1, . . . , xn over a field K of characteristic zero. We
call a polynomial p(Xn) symmetric in these Lie algebras if p(x1, . . . , xn) =
p(xpi(1), . . . , xpi(n)) for each element pi of the symmetric group Sn. The sets
L
Sn
n , F
Sn
n , and L
Sn
n,c of symmetric polynomials coincide with the algebras of
invariants of the group Sn in Ln, Fn, and Ln,c, respectively. We determine the
groups Inn(FSnn ) and Inn(L
Sn
n,c) of inner automorphisms of the algebras F
Sn
n
and LSnn,c, respectively. In particular, we obtain the descriptions of the groups
Aut(LS22 ), Aut(F
S2
2 ), and Aut(L
S2
2,c) of all automorphisms of the algebras L
S2
2 ,
F
S2
2 , and L
S2
2,c, respectively.
Introduction
Let An be the free algebra of rank n over a field K of characteristic zero in a
variety of algebras generated by Xn = {x1, . . . , xn}. A polynomial p(Xn) ∈ An
is said to be symmetric if p(x1, . . . , xn) = p(xpi(1), . . . , xpi(n)) for all pi ∈ Sn. The
set of such polynomials is equal to the algebra ASnn of invariants of the symmetric
group Sn. The algebra A
Sn
n is well known, when An = K[Xn] is the commutative
associative unitary algebra by the fundamental theorem on symmetric polynomials:
K[Xn]
Sn = K[σ1, . . . , σn], σi = x
i
1 + · · ·+ x
i
n, i = 1, . . . , n.
For the case An = K 〈Xn〉, the associative algebra of rank n, see e.g. [6]. Now let
An = Fn be the free metabelian Lie algebra of rank n over K. It is well known, see
e.g. [3], that the algebra FSnn of symmetric polynomials is not finitely generated.
Recently the authors [5] have provided an infinite set of generators for FS22 , later
the result was generalized in [4].
One may consider the group Aut(FSnn ) of automorphisms preserving the alge-
bra FSnn . The group Aut(Fn) is a semidirect product of the general linear group
GLn(K) and the group IAut(Fn) of automorphisms which are equivalent to the
identity map modulo the commutator ideal F ′n. Hence it is natural to work in
IAut(Fn) approaching the group Aut(F
Sn
n ). However the complete decription of
the group IAut(Fn) is unknown, while its normal subgroup Inn(Fn) of inner auto-
morphisms is well known.
In this study, we determine the group of inner automorphisms of FSnn . Addi-
tionally we describe the group Inn(LSnn,c) of inner automorphisms, where Ln,c is the
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free metabelian Lie algebra of nilpotency class c. Later, we describe the groups
Aut(LS22 ), Aut(F
S2
2 ) and Aut(L
S2
2,c), where L2 is the free Lie algebra of rank 2.
1. Preliminaries
Let Ln be the free Lie algebra of rank n ≥ 2 generated byXn = {x1, . . . , xn} over
a field K of characteristic zero. We denote by Fn = Ln/L
′′
n the free metabelian
Lie algebra, and Ln,c = Ln/(L
′′
n + γ
c+1(Ln)) the free metabelian nilpotent Lie
algebra of nilpotency class c, where γ1(Ln) = Ln, γ
2(Ln) = [Ln, Ln] = L
′
n is the
commutator ideal of Ln, γ
k(Ln) = [γ
k−1(Ln), Ln], k ≥ 2, and L
′′
n = [L
′
n, L
′
n]. We
assume that the algebras Fn and Ln,c of rank n are generated by the same set Xn.
The commutator ideal F ′n of the free metabelian Lie algebra Fn is of a natural
K[Xn]-module structure as a consequence of the metabelian identity
[[z1, z2], [z3, z4]] = 0, z1, z2, z3, z4 ∈ Fn,
with action:
f(Xn)g(x1, . . . , xn) = f(Xn)g(adx1, . . . , adxn), f(Xn) ∈ F
′
n, g(Xn) ∈ K[Xn],
where K[Xn] is the (commutative, associative, unitary) polynomial algebra, and
the adjoint action is defined as z1adz2 = [z1, z2], for z1, z2 ∈ Fn. One may define a
similar action on the free metabelian nilpotent Lie algebra Ln,c. It is well known
by Bahturin [1] that the monomials [xk1 , xk2 ]xk3 · · ·xkl , k1 > k2 ≤ k3 ≤ kl, form a
basis for F ′n, which is a basis for L
′
n,c when l ≤ c− 2.
An element s(Xn) in Ln, Fn, or Ln,c is called symmetric if
s(x1, . . . , xn) = s(xpi(1), . . . , xpi(n)) = pis(x1, . . . , xn)
for each permutation pi in the symmetric group Sn. The sets L
Sn
n , F
Sn
n , and L
Sn
n,c
of symmetric polynomials coincide with the algebras of invariants of the group Sn.
See the work [5] for generators of the algebra FS22 , and its generalization [4] for the
full description of the algebra FSnn . The algebra L
Sn
n,c is a direct consequence of the
known results on the algebra FSnn .
Let An stand for Ln, Fn, or Ln,c. It is well known that the automorphism group
Aut(An) is a semidirect product of the general linear group GLn(K) and the group
IAut(An) of automorphisms which are equivalent to the identity map modulo the
commutator ideal A′n. Hence it is natural to work in IAut(An) when determining
the whole group Aut(An). Now consider the group Aut(A
Sn
n ) of automorphisms
consisting of automorphisms of An preserving each symmetric polynomial in the
algebra ASnn .
In the next section, as an approach to the group IAut(ASnn ), we describe the
inner automorphism group Inn(ASnn ) for An = Fn, and An = Ln,c. The case
Inn(LSnn ) is not under the consideration, since the free Lie algebra Ln does not have
nontrivial inner automorphisms. Later, we obtain the groups Aut(LS22 ), Aut(F
S2
2 ),
and Aut(LS22,c) as a consequence of the results obtained.
2. Main Results
2.1. Inner automorphisms of FSnn . Let u ∈ F
′
n be an element from the com-
mutator ideal of the free metabelian Lie algebra Fn. Then the adjoint operator
adu : v → [v, u] is a nilpotent derivation of Fn, and ψu = exp(adu) = 1 + adu is
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an automorphism of the Lie algebra Fn. The inner automorphism group Inn(Fn)
of Fn consisting of such automorphisms is abelian: ψu1ψu2 = ψu1+u2 , ψ
−1
u = ψ−u.
In the following theorem we determine the group Inn(FSnn ) of inner automor-
phisms preserving the algebra FSnn .
Theorem 1. The automorphism ψu ∈ Inn(F
Sn
n ) if and only if u ∈ (F
′
n)
Sn .
Proof. If u ∈ (F ′n)
Sn , then clearly ψu(v) = v + [v, u] ∈ F
Sn
n for every v ∈ F
Sn
n .
Conversely let v ∈ FSnn be a symmetric polynomial, and u ∈ F
′
n be an arbitrary
element. We may assume that the linear (symmetric) summand vl of v is nonzero,
since ψu acts identically on the commutator ideal F
′
n of the free metabelian Lie
algebra Fn. Then ψu(v) ∈ F
Sn
n implies that [v, u] = [vl, u] ∈ F
Sn
n . For each pi ∈ Sn,
we have that
[vl, u] = pi[vl, u] = [pivl, piu] = [vl, piu],
and [vl, u− piu] = 0, which gives that u− piu = 0 or u = piu. 
2.2. Inner automorphisms of LSnn,c. Let u be an element in the free metabelian
nilpotent Lie algebra Ln,c. Then the adjoint operator adu(v) = [v, u] is a nilpotent
derivation of Ln,c, since ad
cu = 0 and
εu = exp(adu) = 1 + adu+
1
2
ad2u+ · · ·+
1
(c− 1)!
adc−1u
is an inner automorphism of Ln,c. Note that if u ∈ γ
c(Ln,c), then εu acts identically
on Ln,c, thus we may define the inner automorphism group of Ln,c as follows.
Inn(Ln,c) = {εu | u ∈ Ln,c − γ
c(Ln,c)} ∪ {1}.
In this subsection, we investigate the group Inn(LSnn,c) of inner automorphisms of
the algebra LSnn,c.
Lemma 2. Let u =
∑n
i=1 αixi for some αi ∈ K, and v =
∑n
i=1 xi ∈ L
Sn
n,c such
that [u, v] ∈ LSnn,c. Then u = αv for some α ∈ K.
Proof. Let pi = (1k) ∈ Sn be a fixed transposition for k = 2, . . . , n. Then
piu = α1xpi(1) + · · ·+ αnxpi(n) = α1xk + αkx1 +
∑
i6=1,k
αixi,
and u − piu = α1(x1 − xk) + αk(xk − x1) = α1k(x1 − xk), where α1k = α1 − αk.
Now [u, v] ∈ LSnn,c gives that [u, v] = pi[u, v] = [piu, piv] = [piu, v], and hence
0 = [u− piu, v] = [α1k(x1 − xk), x1 + · · ·+ xn]
= α1k

2[x1, xk] +
∑
i6=1,k
[x1, xi] +
∑
i6=1,k
[xi, xk]


where the elements in the paranthesis are basis elements of Ln,c, which implies that
α1k = 0, k ≥ 2. This completes the proof by the choice α = α1 = · · · = αn. 
Theorem 3. Inn(LSnn,c) = {εu | u ∈ L
Sn
n,c − γ
c(Ln,c)
Sn} ∪ {1}.
Proof. If u, v ∈ LSnn,c then it is straighforward to see that
εu(v) = v + [v, u] + · · ·+ (1/(c− 1)!)[[· · · [v, u], . . .], u] ∈ L
Sn
n,c.
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Conversely, let u = ul + u0 ∈ Ln,c be an arbitrary element and v = vl + v0 ∈ L
Sn
n,c
be a symmetric polynomial such that εu(v) ∈ L
Sn
n,c, where ul and vl are the linear
components of u and v, respectively. In the expression of εu(v), the component of
degree 2 is [vl, ul] which is symmetric by the natural grading on the Lie algebra
LSnn,c. Hence ul = αvl for some α ∈ K by Lemma 2, and [vl, ul] = 0. Note that
[v0, u0] = 0 by metabelian identity. The computations
εu(v) =v + [vl + v0, ul + u0]
c−2∑
k=0
ukl
(k + 1)!
=v + [v0, vl]
c−3∑
k=0
αk+1vkl
(k + 1)!
+ [vl, u0]
c−3∑
k=0
αkvkl
(k + 1)!
give that [vl, u0]
∑c−3
k=0
αkvk
l
(k+1)! ∈ L
Sn
n,c, and that [vl, u0] is symmetric. Finally, fol-
lowing the lines of proof of Theorem 1, by similar computations we obtain that
u0 ∈ L
Sn
n,c − γ
c(Ln,c)
Sn . 
2.3. Automorphisms of LS22 , F
S2
2 , and L
S2
2,c. In the sequel, we fix the notation
x1 = x, x2 = y, for the sake of simplicity. It is well known by [2] that each
automorphism of L2 is linear. The next theorem determines the automorphism
group Aut(LS22 ).
Theorem 4. Let ξ ∈ Aut(LS22 ). Then ξ and its inverse ξ
−1 are of the form
ξ(x) = ax+ by, ξ(y) = bx+ ay,
ξ−1(x) = c−1ax− c−1by, ξ−1(y) = −c−1bx+ c−1ay,
such that c = a2 − b2 6= 0, a, b ∈ K.
Proof. Let ξ be of the form ξ : x → ax + by, y → cx + dy such that ad 6= bc,
where a, b, c, d ∈ K. Since x + y ∈ LS22 , then ξ(x + y) = (a + c)x + (b + d)y ∈
LS22 , which is contained in K{x + y}. Hence a + c = b + d. On the other hand
[[x, y], x]− [[x, y], y] ∈ LS22 , and
ξ([[x, y], x] − [[x, y], y]) = β ((a− c)[[x, y], x] + (b− d)[[x, y], y])
where β = ad − bc 6= 0. The fact that ξ ∈ Aut(LS22 ) gives a − c = −b + d.
Consequently, a = d and b = c. Conversely, it is straightforward to show that the
automorphism stated in the theorem preserves symmetric polynomials. 
It is well known, see the book by Drensky [3], that each automorphism of F2 is
a product of a linear automorphism and an inner automorphism of F2. We obtain
the following result as a consequence of Theorem 4 and Theorem 1.
Corollary 5. Let ϕ ∈ Aut(FS22 ). Then ϕ is a product of a linear automorphism
ξ = ξ(a, b) as in Theorem 4 and an inner automorphism ψu where u ∈ (F
′
2)
S2 .
Theorem 6. Let ϕ ∈ Aut(LS22,c). Then ϕ is a product of a linear automorphism
ξ(a, b) and an automorphism φ ∈ IAut(LS22,c)of the form
φ :x→ x+ [x, y]f(x, y)
y → y − [x, y]f(y, x).
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Proof. It is sufficient to show that an automorphism φ ∈ IAut(L2,c) preserving
symmetric polynomials satisfies the condition of the theorem. In general φ is of
the form φ(x) = x+ [x, y]f(x, y), φ(y) = y + [x, y]g(x, y). Since x+ y ∈ LS22,c, then
φ(x+ y) is symmetric, and hence
x+ y + [x, y](f(x, y) + g(x, y)) = y + x− [x, y](f(y, x) + g(y, x)).
This gives that
f(x, y) + g(x, y) + f(y, x) + g(y, x) = 0(1)
in the commutator ideal L′2,c of L2,c, which is a K[x, y]-module freely generated by
[x, y]. Now by the symmetric polynomial [x, y](x − y), we have that
[x+ [x, y]f(x, y), y + [x, y]g(x, y)](x− y) = [x, y](x− y)(1 + f(x, y)y − xg(x, y))
is symmetric. Consequently [x, y](x− y)(yf(x, y)− xg(x, y)) is symmetric. Hence,
[x, y](x − y)(yf(x, y)− xg(x, y)) = [x, y](x− y)(xf(y, x) − yg(y, x)),
and thus using Equation 1 we have that
0 = yf(x, y)− xg(x, y)− xf(y, x) + yg(y, x)
= −xg(x, y)− xf(y, x) + y(f(x, y) + g(y, x))
= −xg(x, y)− xf(y, x)− y(g(x, y) + f(y, x))
= −(x+ y)(f(y, x) + g(x, y)).
which implies that g(x, y) = −f(y, x). 
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